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Abstract

The heating and melting of cylindrical slender samples in monoellipsoidal mirror furnaces are studied. A one-
dimensional model that includes the radiative exchange between the sample and the mirror is formulated. The tem-
perature dependence of the physical properties of the sample is taken into account in the model. Convection in the melt
is not considered. The results obtained with the model are compared with experimental data for silicon and graphite

samples. © 1998 Published by Elsevier Science Ltd. All rights reserved.

Nomenclature
a, b semiaxes of the ellipsoid

d dimensionless distance between the centre of the sam-

ple and the focus

e eccentricity of the elliptic section
k thermal conductivity

K view factor kernel

L half the length of the sample

P, dimensionless power parameter
q dimensionless heat flux

Q heat flux

r dimensionless radial coordinate
R radius of the sample

Ra dimensionless radiation parameter
T temperature

T,, melting temperature

W, lamp power

z dimensionless axial coordinate

z,, dimensionless melt zone length.

Greek symbols

o absorptance

p relaxation parameter
0 smoothing parameter
& emissivity

* Corresponding author.

0 dimensionless temperature
A slenderness of the sample
o Stefan—Boltzmann constant.

Subscripts
b lower base of the sample

[ lateral surface of the sample, liquid phase
s solid phase

t upper base of the sample

0 reference value, mirror value.

Superscripts
"~ dimensional value
average value.

1. Introduction

The floating-zone technique for crystal growth basi-
cally consists in melting a small zone in a cylindrical
polycrystalline rod and translating it along the rod (by
slowly moving either the sample or the heater), thus turn-
ing upon resolidification into a single-crystal rod. Mono-
ellipsoidal mirror furnaces are widely used in this tech-
nique [1-4]. These furnaces consist of an ellipsoidal
mirror where a halogen lamp is placed in one focus and
the sample in the other, thus the radiation from the lamp
is focused by the mirror on the sample ; the melt is trans-
lated along the sample by slowly pulling this out. One of
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the advantages of this type of furnace is that they provide
axisymmetrical irradiation onto the sample; the
irradiation profiles can be obtained as explicit functions
of the physical parameters that appear in the problem
[5].

In ref. [5] the heating of the sample in the furnace was
studied : a one-dimensional model was formulated for
slender samples. That model includes the radiative exch-
ange between the sample and the mirror, so that the
redistribution by the mirror of the radiation losses from
the sample is taken into account. This radiative inter-
action was proved to be a very important factor in the
description of the heating process. In that model,
however, the physical properties of the material were
assumed constant.

In this work we complete the conduction—radiation
model described above by including the dependence of
the physical properties on temperature, which in general
is discontinuous as a consequence of the phase change;
thus, the melting of the sample can now be studied prop-
erly. The differences with respect to the constant-property
model will be shown: they are stronger in the melt. At
this stage, convection in the melt is not considered and
only the steady-state is sought. The temperature dis-
tribution along the sample will be analyzed and the influ-
ence of different relevant parameters will be studied. Our
results will be compared with experimental data for sili-
con and graphite samples, the comparison shows good
agreement.

In most practical cases, even if the sample is perfectly
aligned with the axis of revolution of the furnace and
symmetrically placed, the sample temperature will vary
radially and curved interfaces will occur. The radial vari-
ation of temperature will be analyzed here by means of a
formulation that combines the one-dimensional radiation
model presented in this work with the two-dimensional
conduction equation. The results will show that, for slen-
der samples and in the absence of convection, the tem-
perature field is basically one-dimensional.

The mirror furnace is an ellipsoid of revolution of
semiaxes ¢ and b (see Fig. 1(a)). The eccentricity is

1—(b/a)*. The lamp is supposed to be a point
source placed in one of the foci of the ellipsoid. The
sample is cylindrical of length 2L and diameter 2R, and
it is placed in the other focus, with its axis of revolution
along the axis of revolution of the ellipsoid. The centre
of the cylinder may be displaced some distance d with
respect to the focus, as shown in Fig. 1(b); it will be
shown that this parameter plays an important part in the
heating process.

2. Lamp heating profiles

The irradiation profiles generated by the lamp are sum-
marized in this section, for more details on their deri-

vation see ref. [5]. We consider a cylindrical coordinate

system (7, Z) centred in the centre of the sample, as shown

in Fig. 1(b). The dimensionless coordinates are r = #/R

and z=Z2/L, d=d/L is the dimensionless centre dis-

placement and A = L/R is the slenderness of the sample.
We define the reference lamp heat flux as

Oy WL

e (1)
4R

Qo
where o, is the absorptance of the solid sample and W,
is the lamp power. The irradiation profile on the lateral
surface of the cylindrical sample is given by

0, = Qox(0)q,(z) (2
where a(6) = &(7T)/«, and

q,(2) =(1 +A2(Z—d)2)*3r"2
eA(z—d)

[2 O+ >—q4.(m
1—¢? J14+A*(z—d)?

Now we consider the irradiation profile on the upper base
of the sample (the base closer to the lamp). There are
two contributions: the direct radiation from the lamp,
Q,, and the radiation that reaches the base of the sample
after being reflected by the mirror, Q, . They are given by
the following relations: “

0,, = Qoa()q, (1) )
0., = Qoa(0)q,,(r) (5)
where

A<k%—ﬂ+®>

4, () = . (©)
[ﬁ+N<k%—U+@>J
- A+
T Ay

eA(1+d)

2 -2
T G e S
I—e? P4+ A (1+d)?

In the previous expressions &(7) is the absorptance of
the sample, which depends on the temperature 7, and
o(0) is the normalized absorptance which depends on
the dimensionless temperature 0 = 7/T,,, T,, being the
melting temperature.

3. Temperature field in the sample

The problem is considered to be axisymmetric, thus,
to analyze the temperature field in the cylindrical sample,
only half the diametral section needs to be considered. In
dimensionless form, the temperature 6(r, z) is given by
the conduction equation
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Fig. 1. (a) Furnace geometry ; (b) sample geometry.
0 00 ,10 a0 (7), and ¢(z) is the net heat flux on the lateral surface of
oz <k(0) 5)4_/\ ror <rk(0) 5) =0 ®) the sample made dimensionless as follows

with the boundary conditions
0(r,1) =0, )

00
k()5 (r, = 1) = ARa[e(0)(0" = 05) — () Pug, ()]

(10)
o0 0,2) =0 11
5( 72) - ( )
KO) 5 (1,9 = — Rag(2) (1)

where 0, = T,/T,, is the known temperature on the lower
base of the cylinder, 6, = T,,/T,, is the mirror tempera-
ture, ¢,(r) = q, (r) +¢,,(r) as given by equations (6) and

0 =¢0T,4(2) 13)
where ¢, is the emissivity of the solid sample [the function
q(z) will be defined below]. The dimensionless parameters
that appear in the problem are the slenderness A, the
radiation parameter Ra defined by

e0T3R
= (14)

where k, is the thermal conductivity of the solid sample,

and the power parameter P, defined by
_ ax WL

v 4nR%e, 0T

In the previous equations the physical properties of the

Ra

P (15)
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sample are defined by the dimensionless functions «(0)
(defined in Section 2), k(0) = k(T)/k, and &(0) = &(T)/e,,
where £(T) is the thermal conductivity and &(7T) is the
emissivity. These physical properties depend on tem-
perature and, in general, they are discontinuous functions
(as a consequence of the phase change).

3.1. One-dimensional model

It has been shown (see ref. [6]) that for slender samples
(which is the case in practice), the temperature field in
the sample is practically one-dimensional, thus, in this
work we simplify the problem by considering a one-
dimensional formulation. If we define the radially-aver-
aged temperature

0(z) = 2Jl O(r,z)rdr (16)

then from equations (8)—(12) we obtain the following
one-dimensional problem

d _do
& <k(0) E)—QAzRaq(z) =0 (17)
a(1) = 0, (18)

- d0 . n
k(@) (=1 = ARale(0)(0* —05) —(0) Pua.] (19)

where the average upper base heat flux g, is defined by
1

g, = 2J (4, (N +q,()rdr (20)
0

and can be calculated easily from equations (6) and (7).
The net heat flux along the sample, ¢(z), is given by the
following integral equation

q(2) = e(0)0* —&(0) J 0*(mK(z,n)dy
sample
&(0)
—a(0)Pyq,(2) e2y)
where K(z,n) is a kernel function that defines the view
factor. The integral terms represent the radiative inter-
action between sample and mirror. All the details about

the derivation of this model and the calculation of the
view factor can be found in ref. [5].

@) J gD Kz ) dy

sample

3.2. Numerical procedure

The temperature distribution, 0(z), and the heat flux,
q(z), defined by equations (17)—(19) and (21), are
obtained numerically (from now on the bar in 0 is
dropped for simplicity). The nonlinear problem defined
above for the unknowns 6 and ¢ is solved by a quasi-
Newton method, where at each iteration step the func-
tions k(0), &(0) and «(0) are supposed known from the

previous iterations [7]. At each step the physical proper-
ties are defined in the following form (we use the two
previous iterations)

KD = BR(0) + (1— B)k(09=") (22)

and analogous expressions for ¢ and « (f is a relaxation
parameter chosen so that convergence is accelerated).

In the discretization of equations (17) and (21) we have
considered 160 mesh points for the interval [—1, 1]. The
iterative process is started using 6(z) =6, and
q(z) = 0, — Pyq,(2) as the initial step, and it is stopped
when

Z|91*9~f|+z lg;—q;l

10-° 23)

J
Y101+ lg)
i J

0, and §, being the values at the previous iteration step.

The jump discontinuities at the melting temperature
(6,, = 1) of the functions k(6), &(#) and a(#) are smoothed
by a linear distribution between 0 = 1—0 and 0 = 1+9.
Throughout this work we have considered ¢ = 0.01 for
the three physical properties (it can be shown that for
small values of 0, the influence of this parameter on the
solution is negligible).

4. Results

In this section we present results obtained for silicon
and graphite samples. The physical properties of Si have
a jump at the melting temperature; here they will be
considered constant for the solid and liquid phases, the
values used in the simulation are the following [8]

k,=22Wm'K™'" k,=64Wm'K™!

e, =07 g=0.3

a0, =08 o,=04

we have considered representative values for the sample
absorptance that corresponds to the furnace lamp (which
will be at a much higher temperature than the sample).

Also, the following computational, geometrical and fur-
nace operation parameters are used

a=90x10"m 2L =90x10""m

b=80x10""m 2R=8x10"°m
T,=800K T, =1690K
T, =400K 6 =0.01

p=0.23.

The temperature distribution 6(z) is presented in Fig.
2 for d = 0.4 and different values of the lamp power W,
and in Fig. 3 for W, = 300 W and different values of d.
The main characteristics of these results are the asym-
metry with respect to the focus position and the flatness
of the temperature distribution in the melt. The asym-
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Fig. 2. Temperature distribution for Si, d = 0.4 and several
values of lamp power. Curves correspond to W, = 200, 250,
300, 350 and 400 W.
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Fig. 3. Temperature distribution for Si, W, = 300 W and several
values of sample positioning. Curves correspond to d = —0.1,
0,0.1,0.2,0.3, 0.4, 0.45 and 0.5.

metry is more pronounced for large values of d, that is,
when the sample is deeper inside the furnace and, hence,
the radiative interaction between sample and mirror is
stronger. The net heat flux into the sample, —¢(z), as a
function of d is presented in Fig. 4. It can be seen that
for low values of d the sample is heated in the region near
the focus and cooled on the rest of its surface, whereas
for large values of d it is heated along most of its surface.

In Figs 5 and 6 we present the length of melt (the length
of the interval where 0(z) > 1), z,, as a function of d for
W, = 300 W and as a function of W, for d = 0.4. Notice
that for d~0.47 and W, =300 W or d=0.4 and
W, ~ 405 W most of the sample (up to the top) has
melted, as indicated by the jump in the figures. This jump
is much steeper when d is varied (Fig. 5); z,, goes from
0.39-1.24 when d changes from 0.46-0.47. As shown in
ref. [5], when studying the process where the sample is
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Fig. 4. Net heat flux for Si, W, = 300 W and several values of
the sample positioning. Curves correspond to d = —0.1, 0, 0.1,
0.2,0.3,0.4,0.45 and 0.5.
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Fig. 5. Variation of the length of melt, z,,, with sample position-
ing, d, for Si and W, = 300 W.
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Fig. 6. Variation of the length of melt, z,,, with lamp power, W,
for Siand d = 0.4.
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pulled out of the furnace, if one aims at having a melt
zone of constant length less power will be needed at the
beginning of the operation (when d is larger).

Now for graphite we use the following physical proper-
ties [9-11]

K(T) = 100 T_40040 Wm~ ' K-!
(1) =100~ =740 [Wm™' K]
4(T) = 0.85

i T—400

£(T) =045+~ =015

(here again we consider a representative value for the
sample absorptance) and the following computational,
geometrical and furnace operation parameters :
a=90x10"m 2L=110x10""m

b=80x10"m 2R=15x10""m

T,=900K T,=400K

p=1.

In this case, to nondimensionalise the problem, in place
of k,, o, &, and T,,, we have used the following reference
values: k= 100 Wm 'K !, o, = 0.85, ¢, = 0.45 and
T.; = 1000 K. The temperature distribution is presented
in Fig. 7 for d = 0.11 and different values of W, and in
Fig. 8 for W, = 100 W and different values of d (d = 0.11
is the minimum value of d for the given geometrical
parameters). The main characteristic of these results for
graphite is the temperature plateau predicted for the inner
part of the sample. This plateau is due to the relatively
low value of A; as shown in Fig. 9, for larger values
of A the temperature distribution resembles more that
obtained for Si (see Figs 2 and 3).

Next we compare the constant-property model of ref.
[5] with the present model. For silicon, W, = 306 W and
d = 0.42, the length of melt is z,, & 0.23. For this value

0.9

e ¥ S

4 05 0 05 1
Z

0.8

Fig. 7. Temperature distribution for graphite, d = 0.11 and sev-
eral values of lamp power. Curves correspond to W, = 100, 150
and 200 W.
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0.9
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Fig. 8. Temperature distribution for graphite, W, = 100 W and
several values of sample positioning. Curves correspond to
d=0.11,0.15,0.2 and 0.25.

Fig. 9. Temperature distribution for graphite, d = 0.11,
W, = 100 W and several values of the slenderness. Curves cor-
respond to R =4, 5, 6 and 7.5 mm.

and the corresponding length of solid sample, we obtain
the following weighted average properties: Kk = 27 Wm ™'
K~', £=0.65 and & =0.75. The temperature dis-
tributions for variable and constant properties are shown
in Fig. 10. We can see that the differences are somewhat
larger in the melt zone: a much flatter distribution is
obtained for the present model with variable properties.

4.1. Comparison with experiments

Our results are first compared with experimental data
[9] (part of which are published in [12], where exper-
imental details can be found) for a Si sample of 90 mm
in length and 8 mm in diameter, in an argon atmosphere
of 1300 mbar and with a lamp power of 510 W. As
explained in ref. [5], to account for the effect of the
external atmosphere (not included in our model) a power
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Fig. 10. Comparison with experimental results for Si, d = 0.42
and W, =306 W. —, present model; ---, constant-property
model of ref. [5]; O, experimental data.

reduction of ~40% is considered. Thus we take a power
of 306 W. To define the unknown distance between the
centre of the sample and the focus, we consider the fol-
lowing argument : for a given material and geometry, the
temperature field is determined by the lamp power and
the parameter d, thus, if the power is given, we choose d
so that the length of melt approximately coincides with
the experimental value; in our case this occurs for
d=~0.42.

The temperature distribution is shown in Fig. 10, along
with experimental data in the region close to the melt. It
can be seen that the experimental temperature dis-
tribution in the melt is very flat. Since the axial position
of the experimental profile is not known (see ref. [12]), it
has been plotted so that the melt zones approximately
coincide. Within these geometrical limitations we only
seek qualitative agreement : we conclude that our model
reproduces fairly well the experimental behaviour in the
melt. On the contrary, the constant-property model of
ref. [5] does not reproduce the quite flat temperature
distribution in the melt.

Next we compare with experimental data [13] for a
graphite sample of 110 mm in length and 15 mm in
diameter, in a vacuum atmosphere and with 100 W for
the lamp power. The distance between the centre of the
sample and the focus is d = 0.11. The temperature dis-
tribution is shown in Fig. 11 along with the experimental
data. We can see that the experiment confirms the plateau
in the temperature distribution predicted by the model.
On the outer part of the sample, however, the model
predicts slightly lower temperatures. The explanation for
this result is based on the fact that, in the reflection
model, the region outside both foci is not exposed to the
redistributed radiant energy (see ref. [5]), and, therefore,
the model underestimates the temperature in that region.

0.9

— e

4 05 0 0.5 1

0.8
z

Fig. 11. Comparison with experimental results for graphite,
d=0.11and W, = 100 W. —, present model ; O, experimental
data.

4.2. Radial variation of temperature

In order to analyze the radial variation of temperature
in the sample, we propose to combine the two-dimen-
sional conduction equation with the one-dimensional
radiation model described in Section 3.1. The dimen-
sionless formulation is given by equations (8)—(12) and
(21), with the surface temperature 0(1, z) replacing the
average temperature in equation (21). This problem is
solved numerically by an iterative procedure where at
each iteration step the functions k(0), &(0), «(0) and 60*
are supposed known from the previous iteration. The
resulting linear problem is discretized (160 x40 mesh
points for the domain [—1, 1] x [0, 1]) and, once ¢(z) is
determined, is solved using a block-line Gauss—Seidel
method. The stopping criterion and the smoothing of the
discontinuities are as described in Section 3.2.

The surface and axis temperature distributions, along
with the one-dimensional distribution obtained above,
are shown in Fig. 12 for silicon, d = 0.42 and W, = 306
W, and in Fig. 13 for graphite, d = 0.11 and W, = 100
W. The isotherms for both cases are represented in Figs
14 and 15. It can be seen that the temperature field is
basically one-dimensional with slightly curved isotherms.
The highly curved interfaces obtained in practice [14] are
clearly a result of the thermocapillary flow in the melt [8].
Our results show better agreement with silicon crystals
grown with totally or partially-covered melts, where the
interfaces curvature is much smaller [12].

5. Conclusions
The heating and melting of slender samples in mon-

oellipsoidal mirror furnaces have been analyzed by means
of a steady one-dimensional conduction—radiation model
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Fig. 12. Surface, axis and one-dimensional temperature dis-
tributions for Si, d = 0.42 and W, = 306 W.
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Fig. 13. Surface, axis, and one-dimensional temperature dis-
tributions for graphite, d = 0.11 and W, = 100 W.

that takes into account the radiative interaction between
the sample and the mirror. The model includes the dis-

R. Haya et al./Int. J. Heat Transfer 41 (1998) 3387-3395

continuous dependence on temperature of the physical
properties of the sample, and thus completes the con-
stant-property model presented in ref. [5]. The differences
between both models have been shown to be significant,
especially in the melt zone, and therefore the improve-
ment presented in this work has proven to be worth-
while.

The temperature distribution along the sample has
been analyzed for two different sample materials (silicon
and graphite) ; its dependence on the two operational
parameters lamp power and sample positioning has been
studied. The distance between the centre of the sample
and the focus has turned out to be a very sensitive par-
ameter, especially in determining the melt zone.

The predictions made by the model for the temperature
distribution (strong asymmetry with respect to the focus
position, flatness in the melt for silicon, plateau in the
inner half of the sample for graphite) are confirmed
experimentally ; the comparison with experiments shows
a very good qualitative agreement. If one is to make a
precise quantitative comparison, the actual value of the
sample absorptance that corresponds to the particular
lamp used in the experiments should be determined. As
concluded in ref. [5], the strongly asymmetric heating
may help explain the asymmetries observed exper-
imentally [14] in grown crystals.

If one is interested in analyzing the radial variation of
temperature in the sample, it has been shown how the
one-dimensional radiation model can be easily combined
with the two-dimensional conduction equation. We have
seen that for slender samples, and in the absence of con-
vection, the temperature distribution is practically one-
dimensional with slightly curved isotherms.

Although the one-dimensional model cannot describe
the radial variation of temperature, it does provide, in a
very simple and numerically efficient way, global results
that can be used in the process of optimizing the floating
zone technique.
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Fig. 14. Isotherms for Si, d = 0.42 and W, = 306 W. Plotted are 40 equispaced isolines. Only half the diametral section is represented.
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Fig. 15. Isotherms for graphite, d = 0.11 and W, = 100 W. Plotted are 40 equispaced isolines. Only half the diametral section is

represented.
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One drawback has been also identified: the model
underestimates the temperature in the region outside the
two foci (although being the region occupied by the sam-
ple holder, its overall effect is not so important). One way
to overcome this drawback is to consider more than one
reflection at the mirror, but that is not a straightforward
improvement of the model and it is left for future work.
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